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Abstract
In this paper, we prove that any helicoidal surface with H 2 = K in Minkowski 3-space is locally a gen-
eralized umbilical surface, i.e., a surface with the shape operator having the minimal polynomial (x − a)2,
where a is constant. We also give the representation formulas for these helicoidal surfaces.
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1. Introduction
Denote by E31 the Minkowski 3-space with an inner product of signature (1,2) given by
g(x, y) = −x1y1 + x2y2 + x3y3,
where x = (x1, x2, x3), y = (y1, y2, y3). A helicoidal surface in E31 is defined as the orbit of a
plane curve under a Lorentzian screw motion. Depending on the axis being spacelike, timelike
or null, there are three types of screw motions. Rotational surfaces and helicoidal surfaces under
the first two types of screw motions with prescribed mean or Gauss curvatures have been studied
by Beneki et al. [1,2]. And the case under the third type of screw motion has been studied by the
authors [4,5].
As we all know, a surface in R3 with the mean curvature H and the Gauss curvature K
satisfying H 2 = K is an umbilical surface (a piece of plan or two sphere), i.e., a surface with
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where a is the equal constant principal curvature. But this is not the case in Minkowski 3-space.
It is worth pointing out that the shape operator of a timelike surface in E31 may be not diago-
nalizable in general (for more details see Section 2). A surface with minimal polynomial (x−a)2
in E31 , where a is constant, is called a generalized umbilical surface by Magid [6]. In [3], Dillen
and Kuhnel pointed out that any ruled surface with null rulings in E31 satisfies H
2 = K . How-
ever, apart from the umbilical and generalized umbilical surfaces, it turned out that there also
exist other surfaces satisfying H 2 = K = const in E31 . For example, the ruled surface in E31 with
the following parametrization:
r(s, t) = (s, s,1)+ t(s + 1, s − 1,2√s ), s > 0, t ∈ R.
An easy computation leads to H 2 = K = 1/(4s) = const.
In this paper we study helicoidal surfaces in E31 and prove
Theorem. Any helicoidal surface with H 2 = K in E31 is locally a generalized umbilical surface
and can be expressed as one of the following surfaces:
(i) the helicoidal surface of type I,⎧⎨
⎩
r(u, v) = (u sinhv,u coshv,f (u)+ hv),
f (u) = ±
∫ |a(u2 − h2)+ h|
u[(ah− 1)2 − a2u2]1/2 du+ c, a = 1/h;
(1.1)
(ii) the helicoidal surface of type II,⎧⎨
⎩
r(u, v) = (u coshv,u sinhv,f (u)+ hv),
f (u) = ±
∫ |a(u2 + h2)+ h|
u[(ah+ 1)2 + a2u2]1/2 du+ c, a ∈ R;
(1.2)
(iii) the helicoidal surface of type III,⎧⎨
⎩
r(u, v) = (f (u)+ hv,u cosv,u sinv),
f (u) = ±
∫ |a(u2 − h2)+ h|
u[a2u2 − (ah− 1)2]1/2 du+ c, a = 0;
(1.3)
(iv) the helicoidal surface of type IV,⎧⎪⎨
⎪⎩
r(u, v) = (u+ hv,uv + hv2/2, f (u)− uv2/2 − hv3/6),
f (u) =
∫
u2
h2
[
1 ± |au
2 + h|
u(a2u2 + 2ah)1/2
]
du+ c, a = 0; (1.4)
(v) the helicoidal surface of type V,⎧⎨
⎩
r(u, v) = (hv,u+ hv2/2, f (u)− uv − hv3/6),
f (u) = ±
∫ |2au+ 1|
[−2ah(1 + au)]1/2 du+ c, a = 0.
(1.5)
Here u > 0, v ∈ R, a is the equal constant principal curvature, h (h > 0) is the pitch and c is a
constant of integration.
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licoidal surfaces of type IV and V in this paper, with H 2 = K have equal constant principle
curvatures. In this paper, we prove that this conclusion is true for all the helicoidal surfaces in E31 .
Moreover, we find that there is no umbilical point on helicoidal surfaces in E31 . Furthermore, it
follows from the above theorem that the properties of the helicoidal surfaces with H 2 = K in E31
are quite different from those of the ruled surfaces with H 2 = K in E31 .
2. Generalized umbilical surfaces in E31
Let V be an n-dimensional vector space with an inner product of signature (1, n − 1) given
by
xy = −x1y1 + x2y2 + · · · + xnyn,
where x, y ∈ V and x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn). Magid [6] pointed out that a sym-
metric endomorphism A of V could be put into the following four forms:
(I) A ∼
⎛
⎝a1 . . .
an
⎞
⎠ , (II) A ∼
⎛
⎜⎜⎜⎜⎝
a0 0
1 a0
a1
. . .
an−2
⎞
⎟⎟⎟⎟⎠ ,
(III) A ∼
⎛
⎜⎜⎜⎜⎜⎜⎝
a0 0 0
0 a0 1
−1 0 a0
a1
. . .
an−3
⎞
⎟⎟⎟⎟⎟⎟⎠
,
(IV) A ∼
⎛
⎜⎜⎜⎜⎝
a0 b0
−b0 a0
a1
. . .
an−2
⎞
⎟⎟⎟⎟⎠ .
Here b0 is assumed to be non-zero. The eigenvalues are real in cases (I)–(III) and are complex in
case (IV). In cases (I) and (IV) A is represented under an orthonormal basis, while in cases (II)
and (III) A is represented under a pseudo-orthonormal basis, i.e., a basis {x, y, e1 · · · en−2} such
that
g(x, x) = g(y, y) = g(x, ei) = g(y, ei) = 0, g(x, y) = 1,
and
g(ei, ej ) = δij , 1 i, j  n− 2.
For a surface with H 2 = K in E31 , the shape operator σ could be put into
σ ∼
(
a 0
0 a
)
or σ ∼
(
a 0
1 a
)
.
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umbilical point (respectively generalized umbilical point) of S if Ap can be put into the canonical
form A1 (respectively A2), where
A1 =
(
a 0
0 a
)
and A2 =
(
a 0
1 a
)
.
S is called an umbilical surface (respectively generalized umbilical surface) in E31 if there
exists a real constant a such that, for any p ∈ S, Ap can be put into the canonical form A1
(respectively A2).
3. Helicoidal surfaces in E31
A screw motion group (or helicoidal motion group) is a non-trivial 1-parameter group of rigid
motions of E31 , and any element of such group is called a screw motion of E
3
1 . By trivial cases we
mean pure translation groups. Every screw motion group is completely determined by an axis l
and a pitch h ∈ R. Depending on the axis being spacelike, timelike or null, there are three types
of screw motions [3]:
SM1:
(
x
y
z
)
→
(
cosh s sinh s 0
sinh s coth s 0
0 0 1
)(
x
y
z
)
+ h
(0
0
s
)
,
SM2:
(
x
y
z
)
→
(1 0 0
0 cos s sin s
0 − sin s cos s
)(
x
y
z
)
+ h
(
s
0
0
)
,
SM3:
(
x
y
z
)
→
⎛
⎝1 +
s2
2 − s
2
2 s
s2
2 1 − s
2
2 s
s −s 1
⎞
⎠
(
x
y
z
)
+ h
⎛
⎜⎝
s3
3 + s
s3
3 − s
s2
⎞
⎟⎠ .
The third case is also called cubic screw motion [3]. We remark that a cubic screw motion
can be written in a more simple form. Now, we consider a pseudo-orthonormal basis of E31 , i.e.,
a basis {e1, e2, e3} such that
g(e1, e1) = g(e1, e2) = g(e2, e3) = g(e3, e3) = 0, g(e1, e3) = g(e2, e2) = 1.
In such a basis,
g(x, x) = 2x1x3 + x22, x =
∑
xkek.
Let
(e1, e2, e3) = (η1, η2, η3)X,
where {η1, η2, η3} is an orthonormal basis such that
g(ηi, ηj ) = εδij , ε =
{−1, if i = 1,
1, if i = 2,3,
and
X =
⎛
⎜⎝
−
√
2
2 0
√
2
2√
2
2 0
√
2
2
⎞
⎟⎠ .0 1 0
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axis e3 can be written as
(
x
y
z
)
→ X−1
⎛
⎝1 +
s2
2 − s
2
2 s
s2
2 1 − s
2
2 s
s −s 1
⎞
⎠X
(
x
y
z
)
+ hX−1
⎛
⎜⎝
s3
3 + s
s3
3 − s
s2
⎞
⎟⎠ ,
i.e.,
SM∗3:
(
x
y
z
)
→
( 1 0 0
v 1 0
− v22 −v 1
)(
x
y
z
)
+ h
⎛
⎜⎝
v
v2
2
− v36
⎞
⎟⎠ , v = −√2s.
Definition 3.1. Let γ : I = (a, b) ⊂ R → P be a curve in a plane P in E31 and denote by L
a straight line in P that does not intersect the curve γ . A helicoidal surface under a cubic screw
motion in E31 is defined as a non-degenerate surface that is generated by a cubic screw motion
around L.
We distinguish helicoidal surfaces in E31 into the following five types.
Case 1. Let [O; e1, e2, e3] be the considered orthonormal coordinate frame. Let γ1(u) =
(u,0, f (u)), γ2(u) = (0, u, f (u)), u > 0, be two generating curves in the Oe1e3 and Oe2e3
planes, respectively. Consider the helicoidal surface generated by γ1(u) and γ2(u) under SM1 of
pitch h > 0 around e3, i.e.,
S1: r(u, v) =
(
u sinhv,u coshv,f (u)+ hv), u > 0, v ∈ R, (3.1)
S2: r(u, v) =
(
u coshv,u sinhv,f (u)+ hv), u > 0, v ∈ R. (3.2)
We call S1 and S2 a helicoidal surface of type I and type II, respectively.
Let γ3(u) = (f (u),u,0), u > 0, be a generating curve in the Oe1e2 plane. Consider the heli-
coidal surface generated by γ3(u) under SM2 of pitch h > 0 around e1, i.e.,
S3: r(u, v) =
(
f (u)+ hv,u cosv,u sinv), u > 0, v ∈ R. (3.3)
We call S3 a helicoidal surface of type III.
Case 2. Let [O; e1, e2, e3] be the considered pseudo-orthonormal coordinate frame. Let γ4(u) =
(u,0, f (u)), γ5(u) = (0, u, f (u)), u > 0, be generating curves in the Oe1e3 and Oe2e3 planes,
respectively. Consider the helicoidal surface generated by γ4(u) and γ5(u) under SM∗3 of pitch
h > 0 around e3, i.e.,
S4: r(u, v) =
(
u+ hv,uv + hv
2
2
, f (u)− uv
2
2
− hv
3
6
)
, u > 0, v ∈ R, (3.4)
S5: r(u, v) =
(
hv,u+ hv
2
2
, f (u)− uv − hv
3
6
)
, u > 0, v ∈ R. (3.5)
We call S4 and S5 a helicoidal surface of type IV and type V, respectively.
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Lemma 4.1. There is no umbilical point on helicoidal surfaces in E31 .
Proof. Consider a helicoidal surface S in E31 . By direct computations we get
FN −MG = 0, (4.1)
where F , G, M and N are the first and second fundamental quantities of S. In fact, if S is of
type I given by (3.1). Its first and second fundamental quantities are
E = 1 + f ′2, F = hf ′, G = h2 − u2
and
L = uf ′′|D|− 12 , M = −h|D|− 12 , N = −u2f ′|D|− 12 ,
where
D = EG− F 2 = h2 − u2(1 + f ′2)
and the prime denotes derivative with respect to u. Thus we get FN − MG = h|D|1/2 = 0. By
similar computation we prove (4.1) is true for the cases of types II–V.
Suppose there exists an umbilical point p on S. At the point p, we have
L
E
= M
F
= N
G
. (4.2)
Obviously, (4.2) contradicts (4.1). This indicates there is no umbilical point on S and completes
the proof. 
Lemma 4.2. Suppose H and K are the mean curvature and Gauss curvature of a helicoidal
surface S in E31 . Let ε = 1 if S is spacelike and ε = −1 if S is timelike. For any u0 ∈ (0,+∞),
we can find two constants l1, l2 and an open interval I ⊂ (0,+∞) containing u0 such that
(1) if S is given by (3.1)–(3.4), then
wK1 −H21 = εh2 (4.3)
where
w =
⎧⎨
⎩
u2 − h2, S is given by (3.1) or (3.3),
u2 + h2, S is given by (3.2),
u2, S is given by (3.4),
and
H1(u) =
u∫
u0
H du2 + l1, K1(u) =
u∫
u0
K du2 + l2, u ∈ I ;
(2) if S is given by (3.5), then
uK2 −H22 =
ε (4.4)
4
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H2(u) =
u∫
u0
H du+ l1 and K2(u) =
u∫
u0
K du+ l2, u ∈ I.
Proof. Consider a helicoidal surface S in E31 . The mean curvature H and the Gauss curvature K
are
H =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
uf ′′(u2−h2)−2h2f ′+u2f ′(1+f ′2)
2[h2−u2(1+f ′2)]|h2−u2(1+f ′2)|1/2 , S is given by (3.1),
uf ′′(h2+u2)+2h2f ′−u2f ′(f ′2−1)
2[u2(f ′2−1)−h2]|u2(f ′2−1)−h2|1/2 , S is given by (3.2),
uf ′′(u2−h2)−2h2f ′−u2f ′(f ′2−1)
2[u2(1−f ′2)−h2]|u2(1−f ′2)−h2|1/2 , S is given by (3.3),
u3f ′′−2u2f ′
2(2u2f ′−h2f ′2)|2u2f ′−h2f ′2|1/2 , S is given by (3.4),
h2(2uf ′′−f ′)
2(−2hu−h2f ′2)|−2hu−h2f ′2|1/2 , S is given by (3.5),
(4.5)
and
K =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−u3f ′f ′′−h2
[h2−u2(1+f ′2)]|h2−u2(1+f ′2)| , S is given by (3.1),
−u3f ′f ′′−h2
[u2(f ′2−1)−h2]|u2(f ′2−1)−h2| , S is given by (3.2),
u3f ′f ′′−h2
[u2(1−f ′2)−h2]|u2(1−f ′2)−h2| , S is given by (3.3),
−u3f ′′+h2uf ′f ′′−h2f ′2
(2u2f ′−h2f ′2)|2u2f ′−h2f ′2| , S is given by (3.4),
−h2(hf ′f ′′+1)
(−2hu−h2f ′2)|−2hu−h2f ′2| , S is given by (3.5).
(4.6)
When S is given by (3.1)–(3.4), let
A1 =
⎧⎪⎪⎨
⎪⎪⎩
−u2f ′|h2 − u2(1 + f ′2)|−1/2, S is given by (3.1),
−u2f ′|u2(f ′2 − 1)− h2|−1/2, S is given by (3.2),
u2f ′|u2(1 − f ′2)− h2|−1/2, S is given by (3.3),
(−u2 + h2f ′)|2u2f ′ − h2f ′2|−1/2, S is given by (3.4),
(4.7)
and
B1 =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(u2f ′2 − h2)|h2 − u2(1 + f ′2)|−1, S is given by (3.1),
(u2f ′2 − h2)|u2(f ′2 − 1)− h2|−1, S is given by (3.2),
(u2f ′2 + h2)|u2(1 − f ′2)− h2|−1, S is given by (3.3),
u2|2u2f ′ − h2f ′2|−1, S is given by (3.4).
(4.8)
For u ∈ (0,+∞), from (4.5) and (4.6) we have
2uH = A′1 and 2uK = B ′1. (4.9)
Therefore, for any u0 ∈ (0,+∞), we can find two constants l1, l2 and an open interval I ⊂
(0,+∞) containing u0 such that
H1(u) = A1 and K1(u) = B1 (4.10)
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H1(u) =
u∫
u0
H du2 + l1 and K1(u) =
u∫
u0
K du2 + l2, u ∈ I.
Combining (4.10) with (4.7) and (4.8), we have (4.3).
When S is given by (3.5), let
A2 = f ′
∣∣−2hu− h2f ′2∣∣−1/2 and B2 = ∣∣−2hu− h2f ′2∣∣−1. (4.11)
For u ∈ (0,+∞), from (4.5) and (4.6) we have
H = −hA′2/2 and K = −hB ′2/2. (4.12)
Therefore, for any u0 ∈ (0,+∞), we can find two constants l1, l2 and an open interval I ⊂
(0,+∞) containing u0 such that
H2(u) = −hA2/2 and K2(u) = −hB2/2 (4.13)
where
H2(u) =
u∫
u0
H du+ l1 and K2(u) =
u∫
u0
K du+ l2, u ∈ I.
Combining (4.11) with (4.13), we have (4.4) and complete the proof. 
Based on Lemmas 4.1–4.2, we prove the theorem in the introduction.
Let S be a helicoidal surface with H 2 = K in E31 . When S is given by (3.1)–(3.4), substituting
H 2 = K into (4.3) and taking the derivative twice with respect to w on both sides, we have
H ′ = 0 or wH −H= 0.
Taking the derivative with respect to w on both sides of the second equation, we get H ′ = 0
again. This indicates that H = constant and K = constant. Thus we get
H 2 = K = a2, (4.14)
where a be the constant principle curvature of S. By similar computation we can prove (4.14) is
also true when S is given by (3.5).
Let A be the shape operator of S. Then for any p ∈ S, A can be put into the canonical form(
a 0
0 a
)
or
(
a 0
1 a
)
.
Since there is no umbilical point on S (Lemma 4.1), for any p ∈ S, A can be exactly put into the
second canonical form. This indicates that S is locally a generalized umbilical surface.
When S is given by (3.1)–(3.4), let
H1 = aw + l, (4.15)
where l is constant. Then we can deduce that
l2 + εh2 = 0. (4.16)
In fact, substituting (4.15) into (4.3), we obtain (4.16) if w = 0 and
K1 = a2w + 2al +
(
l2 + εh2)/w, (4.17)
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Thus we have
H1 = aw ± h and ε = −1. (4.18)
With similar method we can prove
H2 = au± 12 and ε = −1, (4.19)
when S is given by (3.5).
Combining (4.18) with (4.7) and (4.10), we get (1.1)–(1.4). Combining (4.19) with (4.11)
and (4.13), we get (1.5). This completes the proof.
Remark 4.1. When S is given by (3.1), combining (4.18) with (4.7) and (4.10), we get
f (u) = ±
∫ |a(u2 − h2)+ h|
u[(ah− 1)2 − a2u2] 12
du+ c, h > 0, ah = 1,
or
f (u) = ±
∫ |a(u2 − h2)− h|
u[(ah+ 1)2 − a2u2] 12
du+ c, h > 0, ah = −1,
where c is a constant of integration. Note that the above two representation are equivalent when
we replace a with −a in the second representation. Thus any helicoidal surface with H 2 = K of
type I can be locally written as (1.1). Analogously, the cases of types II–V can be locally written
as (1.2)–(1.5).
5. Examples
Example 5.1. A helicoidal surface of type I− (see Fig. 1):
r(u, v) = (u sinhv,u coshv, lnu+ v), u > 0, v ∈ R.
The shape operator is written in the basis {ru, rv} as(
u−2 u−1
−u−3 −u−2
)
and its minimal polynomial is x2.
Example 5.2. A helicoidal surface of type II− (see Fig. 2):
r(u, v) = (u cothv,u sinhv,u+ v), u > 0, v ∈ R.
The shape operator is written in the basis {ru, rv} as(−1 1
0 −1
)
and its minimal polynomial is (x + 1)2.
Example 5.3. A helicoidal surface of type III− (see Fig. 3):
r(u, v) = (u+ v,u cosv,u sinv), u > 0, v ∈ R.
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The shape operator is written in the basis {ru, rv} as(
1 −1
0 1
)
and its minimal polynomial is (x − 1)2.
Example 5.4. A helicoidal surface of type IV− (see Fig. 4):
r(u, v) =
(
u− v,uv − v
2
2
,
u3
3
− u
2 − 1
3
√
u2 + 2 − uv
2
2
+ v
3
6
)
, u > 0, v ∈ R.
The shape operator is written in the basis {ru, rv} as(
w − 2 −w
w − 2 +w−1 −w
)
,
where w =
√
u2+2
u
, and its minimal polynomial is (x + 1)2.
Example 5.5. A helicoidal surface of type V− (see Fig. 5):
r(u, v) =
(
v
2
, u+ v
2
4
,−4u+ 2
3
√
1 − u− uv − v
3
12
)
, 0 < u<
1
2
, v ∈ R.
The shape operator is written in the basis {ru, rv} as( −2 (1 − u) 12
−(1 − u)− 12 0
)
and its minimal polynomial is (x + 1)2.
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